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A HULL THAT CONTAINS NO DISCS
ALEXANDER J. IZZO
Abstract. It is shown that if A is a unital commutative Banach
algebra with a dense set of invertible elements, then the maximal
ideal space of A contains no compact, locally connected, simply
coconnected subspace of topological dimension ≥ 2. As a con-
sequence, the existence of a compact set in C2 with a nontrivial
polynomial hull that contains no topological discs is obtained. This
strengthens the celebrated result of Stolzenberg from 1963 that
there exists a nontrivial polynomial hull that contains no analytic
discs, and it answers a question stated in the literature 10 years
ago by Dales and Feinstein but considered much earlier.
1. Introduction
It was once conjectured that whenever the polynomial hull X̂ of a
compact set X in CN is strictly larger than X , the complementary
set X̂ \X must contain an analytic variety of positive dimension, and
hence in particular, an analytic disc. This conjecture was disproved
by Gabriel Stolzenberg [11]. Stolzenberg’s result immediately suggests
the question of whether the set X̂ \X , when nonempty, must contain a
topological disc (i.e., a subspace homeomorphic to a disc in the plane).
We will prove that the answer is no. Henceforth, by a disc we shall
mean a topological space homeomorphic to a disc in the plane.
Theorem 1.1. There exists a compact set X in C2 such that the set
X̂ \X is nonempty but X̂ contains no discs.
This result sheds a new light on the failure of the existence of ana-
lytic discs in hulls since it shows that the failure can occur for purely
topological, rather than analytical, reasons.
The question of whether the set X̂\X , when nonempty, must contain
a disc was stated explicitly 10 years ago in the paper [4] of Garth
Dales and Joel Feinstein, but it was likely considered over 50 years ago
when Stolzenberg gave his example without analytic discs. The issue
was mentioned 20 years ago in the paper [9] of Norman Levenberg
where it was erroneously asserted that the hull without analytic discs
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constructed by John Wermer in [13] contains no (topological) discs.
This assertion may or may not be true; it has not been proven either
way. The setX constructed by Wermer in [13] (and also presented in [1,
pp. 211–218]) is a subset of C2. Wermer proved that for each constant
c ∈ C, the vertical slice {(z1, z2) ∈ X : z1 = c} is totally disconnected;
thus X contains no vertical disc. He also proved that there does not
exist an open set Ω ⊂ C and a continuous functionf : Ω → C whose
graph {(z, f(z)) : z ∈ Ω} is contained in X ; thus X contains no disc
that is a graph over a set in C. However, a topological disc, as opposed
to a smooth disc, need not be locally a graph. In fact even a smooth
disc, as opposed to an analytic disc, need not be locally a graph over
C. For instance, the disc ∆ = {(x1, x2) ∈ R
2 ⊂ C2 : |x1|
2 + |x2|
2 ≤
1/2} is not locally a graph over C. Thus it has not been proven even
that Wermer’s hull contains no smooth discs. Furthermore, using the
construction of hulls without analytic discs given in the paper [6] of
Julien Duval and Levenberg, it is immediate that there is a compact
set X ⊂ C2 such that X̂ \X ⊃ ∆ and X̂ contains no analytic discs.
We will obtain Theorem 1.1 by proving a general statement about the
topology of the maximal ideal space of a unital commutative Banach
algebra with dense invertible group. Following Dales and Feinstein, we
will say that a Banach algebra A has dense invertibles if the invertible
elements of A are dense in A. Following Stolzenberg, we will say that
a compact space X is simply coconnected if the first Cˇech cohomology
group Hˇ1(X,Z) vanishes. By the topological dimension of a space, we
shall mean the usual Lebesgue covering dimension.
Our main theorem is as follows.
Theorem 1.2. Let A be a unital commutative Banach algebra with
dense invertibles. Then the maximal ideal space MA of A contains no
compact, locally connected, simply coconnected subspace of topological
dimension ≥ 2. In particular, MA contains no discs.
As an immediate corollary we have:
Corollary 1.3. Suppose X is a compact set in CN such that P (X) has
dense invertibles. Then the polynomial hull X̂ contains no compact,
locally connected, simply coconnected subspace of topological dimension
≥ 2. In particular, X̂ contains no discs.
Since it was proven by Garth Dales and Joel Feinstein [4, Theo-
rem 2.1] that there exists a compact set X in C2 such that X̂ \ X
is nonempty and P (X) has dense invertible, Theorem 1.1 follows as
an immediate corollary. Numerous additional examples of “hulls with
dense invertibles” in CN , having various additional properties, have
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been given in the papers [7] and [8] of the author and in the paper [3]
of Brian Cole, Swarup Ghosh, and the author. Thus we immediately
get the existence of hulls without discs having these additional prop-
erties. For instance, there exists a Cantor set in C3 with nontrivial
polynomial hull containing no discs; there exists a compact set X in
C3 with nontrivial polynomial hull containing no discs such that P (X)
has no nontrivial Gleason parts; there exists a compact set X in CN
(N ≥ 2) with nontrivial polynomial hull containing no discs such that
P (X) has a “large” Gleason part.
The next result is a variation of Theorem 1.2 in which a stronger
conclusion is obtained from a stronger hypothesis.
Theorem 1.4. Let A be a unital commutative Banach algebra with
dense invertibles and such that the set of squares of the elements of
A are dense in A. Then the maximal ideal space of A contains no
compact, locally connected, subspace of topological dimension ≥ 2.
Surprisingly, while Theorem 1.2 makes no reference to square roots,
and examples of nontrivial uniform algebras with dense invertibles can
be constructed without the use of square roots, the proof of Theo-
rem 1.2 will use Brian Cole’s system of square root extensions [2] to
essentially reduce Theorem 1.2 to Theorem 1.4. While Cole’s con-
struction has been used many times to produce examples with partic-
ular properties, as far as the author knows, this is the first time the
construction has been used to prove a result about algebras already
obtained without the use of the construction.
This paper owes a great deal to the work of Dales, Thomas Dawson,
and Feinstein. The author’s inspiration to consider Banach algebras
with dense invertibles came from the work of Dales and Feinstein in
[4], while the main idea on which the proofs rest was inspired by the
proof of Dawson and Feinstein of [5, Theorem 1.7].
2. The proofs
Proof of Theorem 1.4. Let A˜ denote the uniform closure of the set Â of
Gelfand transforms of the elements of A. Then A˜ is a uniform algebra
with dense invertibles and such that the set of squares of the elements of
A˜ are dense in A˜. Also, the maximal ideal space of A˜ is homeomorphic
to the maximal ideal space of A. Therefore, we may assume without
loss of generality that A is a uniform algebra of functions defined on
its maximal ideal space MA.
Suppose that E is a compact, locally connected subspace of MA.
Let B be the closure of A restricted to E. Then the set of squares of
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the elements of B are dense in B. Therefore, by a theorem of Cˇirka
(see [12, pp. 131–136]) B = C(E). But B, and hence C(E), has dense
invertibles. Consequently, the topological dimension of E is at most 1
by [10, Proposition 3.3.2]. 
Proof of Theorem 1.2. Just as in the proof of Theorem 1.4, we may as-
sume without loss of generality that A is a uniform algebra of functions
defined on its maximal ideal space MA.
Set X0 = MA and A0 = A. Following the iterative procedure used by
Cole [2, Theorem 2.5] (and also described in [12, p. 201]) to obtain uni-
form algebras with only trivial Gleason parts, we will define a sequence
of uniform algebras {Am}
∞
m=0. First let F0 be the set of invertible func-
tions in A0. Let p : X0 × C
F0 → X0 and pf : X0 × C
F0 → C denote
the projections given by p
(
x, (yg)g∈F0
)
= x and pf
(
x, (yg)g∈F0
)
= yf .
Define X1 ⊂ X0 × C
F0 by
X1 = {z ∈ X0 × C
F0 : p2f(z) = f(p(z)) for all f ∈ F0},
and let A1 be the uniform algebra on X1 generated by the functions
{pf : f ∈ F0}. Note that since p
2
f = f ◦ p on X1, each function of
the form f ◦ p for f ∈ F0 belong to A1. Thus by identifying each
function f ∈ A0 with f ◦ p, we can regard A0 as a subalgebra of A1.
By [5, Theorem 2.1] the algebra A1 has dense invertibles. Let F1 be
the set of invertible functions in A1, and carry out the procedure just
preformed again, this time using the uniform algebra A1 and the set
of functions F1, to get another uniform algebra A2 on a space X2.
Iterating the construction we obtain a sequence of uniform algebras
{Am}
∞
m=0 on compact spaces {Xm}
∞
m=0 such that for each m the set
Fm of invertible elements of Am is dense in Am. Each Am can be
regarded as a subalgebra of Am+1.
We now take the direct limit of the system of uniform algebras {Am}
to obtain a uniform algebra Aω on some compact spaceXω. If we regard
eachAn as a subset ofAω in the natural way, and set F =
⋃
Fm, then F
is a dense set of invertibles in Aω, and every member of F has a square
root in F . By [2, Theorem 2.5], the maximal ideal space of Aω is Xω.
Therefore, by Theorem 1.4 Xω contains no compact, locally connected
subspace of topological dimension greater than or equal to 2. Thus to
conclude the proof, it suffices to show that for each simply coconnected
subspace E of MA = X0 there is a subspace of Xω homeomorphic to
E.
Let E0 be a simply coconnected subset of X0. Then each function
g ∈ F0 has a continuous logarithm on E0 and hence, a continuous
square root sg on E0. Then the map m : E0 → X0 × C
F0 given by
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m(x) = (x, (sg(x))g∈F0) has range contained in X1. Furthermore, m is
obviously continuous and injective, and hence is an embedding since
E0 is compact. Thus m(E0) is a homeomorphic copy of E0 in X1.
For each m = 1, 2, . . ., let τm : Xm → Xm−1 be the obvious project.
Then by induction we have that for each m there is a set Em in Xm
homeomorphic to E0 such that τm takes Em homeomorphically onto
Em−1.
We have the inverse system of compact spaces
· · ·
τm+2
−→ Xm+1
τm+1
−→ Xm
τm−→ · · ·
τ2−→ X1
τ1−→ X0,
where
Xm+1 = {z ∈ Xm × C
Fm : p2f(z) = f(p(z)) for all f ∈ Fm},
and τm+1
(
x, (yf)f∈Fm
)
= x. The space Xω is the inverse limit of this
inverse system:
Xω = {(zk)
∞
k=0 ∈
∞∏
k=0
Xk : τm+1(zm+1) = zm for all m = 0, 1, 2, . . .}.
Set Eω = Xω ∩
∏
∞
k=0Ek. The set Eω is homeomorphic to E0, for
the map Eω → E0 given by (zk)
∞
k=0 7→ z0 is obviously a continuous
bijection, and hence a homeomorphism since Eω is compact. 
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